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Hecke algebra H,(q)

Braid group : Hecke algebra H,(q) :

\/\ = /\\/ - (g—q7)

Algebraically :

0i0j+10j = 0j4+10i0j+1
0i0j = 0j0; if|i—j|>1,

A= a ]

~» HOMFLY-PT polynomial of a link.
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Baxterisation

e Yang—Baxter equation. R : C— End(V ® V).

Rl(Oé)Rg(aﬁ)Rl(ﬁ) = Rz(B)Rl(aB)Rz(a) on V ® V® 74

1
o If we set Ri(a) :==0;+ (g — q_l)m then

Ri(a)Rx(aB)Ri(B) = Ra(B)Ru(aB)Ra(r) in Hy(q)
e For any V there is a (local) representation :

Hy(g) = V®---@V
—_——

n times

~~ Solutions of YB.
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Quantum groups and Schur—Weyl duality
e Say dim(V) =D :

Hy(g) = VR -V

n times
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Quantum groups and Schur—Weyl duality
e Say dim(V) =D :

Hy(q) = V- @V < Uy(slp)

n times
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Quantum groups and Schur—Weyl duality

e Say dim(V) =D :

Hy(q) = V- @V < Uy(slp)
n times
e From the point of view of representation theory :

Theorem (Schur—Weyl duality)

» The image of H,(q) is the centraliser of the action of Uq(slp) (VD)

Example (D = 2, V is the spin 1/2 representation of Ug(sh)) :
» the image of H,(q) is the Temperley—Lieb algebra (Jones pol.);
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Summary

The Hecke algebra H,(q) :

» Quotient of braid group algebra ~» Knots and links invariants

» Explicit Baxterisation formula ~» matrix solutions of YB on V"
> Centraliser of Uy(slp) on V®"

where V is the vector representation of Uy(slp).

If D =2 then V is the spin 1/2 representation of U,(sh)
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Goal : After applying fusion

A new algebra Hy n(q) (Vk)

» Quotient of braid group algebra ~~ Knots and links invariants ?
» Explicit Baxterisation formula ~» matrix solutions of YB on W®"
» Centraliser of Uy(slp) on W®"

where W = SK(V) is the k-th symmetric power (for Ugy(slp))

If D =2 then W is the spin k/2 representation of Uq(sh).
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What is “fusion” ?

DA
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VeV

Vector spaces :

Solutions of YB eq. :
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Vector spaces :

VeV

1 (generic fusion)

Vekg Vek=Skv g SkV @ ...
1 (projection)

Skv @ Skv

» Denote Proj

Solutions of YB eq. :

basic solution R(u) on V ® V

1 (generic fusion)

new solution R(K)(u) on V®k g V&K

V@®k @ V@k _ Sky g Sky/.
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Vector spaces :

VeV

1 (generic fusion)

Vekg Vek=Skv g SkV @ ...
J (projection)

Skv @ Skv

» Denote Proj

Solutions of YB eq. :

basic solution R(u) on V ® V

1 (generic fusion)

new solution R(K)(u) on V®k g V&K

4 (multiply by Proj)

fused solution Rs(u) on SkKV @ SkV

V@ @ V@k 5 Sky g Sky/.
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Vector spaces :

VeV

1 (generic fusion)

Vekg Vek=Skv g SkV @ ...
J (projection)

Skv @ Skv

» Denote Proj

Solutions of YB eq. :

basic solution R(u) on V ® V

1 (generic fusion)

new solution R(K)(u) on V®k g V&K

4 (multiply by Proj)

fused solution Rs(u) on SkKV @ SkV

V@ @ V@k 5 Sky g Sky/.

Key point : Proj € Endy,(s,)(...) ~ Hecke algebra .
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e Step 1 (generic fusion).

Given arbitrary parameters (cy,

., cak), explicit formula for R () and :
R (u) satisfies YB on V& @ V&



Fused braids and fused Hecke algebra
|—What is “fusion” 7

e Step 1 (generic fusion).

Given arbitrary parameters (cy,

., cak), explicit formula for R () and :
R (u) satisfies YB on V& @ V&
quickly...

Note : if you are a braid person, you will think “cabling” and agree very
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e Step 1 (generic fusion).

Given arbitrary parameters (cy,

quickly...

., cak), explicit formula for R () and :
R (u) satisfies YB on V& @ V&
Note : if you are a braid person, you will think “cabling” and agree very

e Step 2 (Projection with Proj).

Thm. : There is a specific choice of (cy,

., Cok) such that
R (u) commutes with Proj
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e Step 1 (generic fusion).

Given arbitrary parameters (cy, . .., ¢ ), explicit formula for R*)(u) and :
R (u) satisfies YB on V& @ V&

Note : if you are a braid person, you will think “cabling” and agree very
quickly...

e Step 2 (Projection with Proj).

Thm. : There is a specific choice of (cy,. .., cak) such that

R (u) commutes with Proj

~ Rfs(y) := the restriction on SKV @ SkV.
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Matrices :

R(u)on V@V
1 (generic fusion)
R (u) on V&k @ V&K
1 (projection)

Rfs(u) on SkKV @ SkV

Algebras :
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Matrices :

R(u)on V@V
1 (generic fusion)
R (u) on V&k @ V&K
1 (projection)

Rfs(u) on SkKV @ SkV

Algebras :

< Hecke algebra H,

< (bigger) Hecke algebra Hy,

<> 77 fused Hecke algebra??

» Answer : Fused Hecke algebra = | Proj - Hy, - Proj
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Fused Hecke algebra
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(joint work with Nicolas Crampé)

DA
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Symmetric group

e Elements of S, (example with n = 3) :

oS I o e oGl

o Multiplication : concatenation + following the lines (~ composition).
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e Objects : Examples (k =2 and n=3) :

Jay < hg's

connecting dots with k lines starting from and arriving at each dot.



Fused permutations (g = 1)
e Objects : Examples (k =2 and n=3) :

hay < hg's

connecting dots with k lines starting from and arriving at each dot.

e multiplication : concatenation + following all possible paths.

( mmm
Ja(Rbat

N.N_
11

Bl

_|_

NI—=
Bl



Fused Hecke algebra H »(q).

Deformation of the case g = 1.

Example of objects (fused braids) : PI@ ' DQ{

Homotopy + local relations :
The Hecke relation :

\/\ = /\\/ —(g—q7)

The idempotent relations :

T-oX wma T -oX
i ql[ and I:q_l
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Multiplication : concatenation + following all paths with g-coefficients :

I ”(Nm %L}I)
“wrer] ooy )

~> Facts : Family of algebras Hy ,(q) forming a chain :

Hi1(q) C Hik2(q) C...--- C Hin(q) C Hinya(q) C ...

of finite-dimensional algebras, flat deformations of the case g = 1, with a
basis of diagrams.
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Baxterisation formula

Braid group in Hy »(q)

The shuffle elements :

i—1 i i+1i4+2 n

T XTL e

The elements ¥; satisfy the braid relations :

XYY =YXt
Z,ZJZZJZ, If|l—_]| > 1.

+ a characteristic equation of order k + 1.

Example (k=2): (L —¢") (X +1)(X;—qg?)=0

~> Finite-dimensional quotients of the braid group algebra inside Hy »(q).



Theorem (Baxterisation formula)

The following satisfies the YB equation in Hy »(q) :

where ) are partial shuffle elements :

i—1 i i+1i4+2 n

IITTED e

i—-1 i i+1i4+2 n

TR e

i—-1 i i+1i42 n

HTRTT e
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Centralisers and Schur-Weyl duality

Schur—Weyl duality

o W = SK(V) then

Hin(q) > W® - @ W

n times

~~ Solutions of braid relation and YB on W = Sk(V)
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Schur-Weyl duality

dim(V)=D
o W = SK(V) then :

Hin(q) = W® - @ W< Uy(slp)
—

n times

~~ Solutions of braid relation and YB on W = Sk(V).

e From the point of view of representation theory :

Theorem

» The image of Hy »(q) is the centraliser of the action of U,(slp)

(VD).
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Kernel from representation theory

Step 1. Construct the Bratteli diagram.

Step 2. Understand which representations are in the kernel.

Theorem (Step 1. Bratteli diagrams)

> Irreducible reps of Hin(q) 4= {AF kn with £(\) < n}

» Branching rules :

w—> N < uCX\and )\ p contains at most one box per column

Theorem (Step 2. Kernel for U,(slp))

At level D + 1, kill all partitions with exactly D + 1 lines and then all
their descendants in the next levels.



Bratelli diagram of Hk ,(q) (k = 1)
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Centralisers for k = 1, Ug(sh) (spin 1/2)

n=20

n=1

n=2

S}
I
w

]
Il
IS

=) 5 = = T 9Dae



Centralisers for k = 1, Uy(sh)

n=20
n=1 1
S
n=2 1M
/N
n=3 104
N
n=4 10014 3B:E|




Representation theory of Hy ,(q) (k = 2)

?
n=1 1M
N
n=2 1000 1 {0 1 [H
B i e S
n=3 1O > 3 1 HH 1@]]] 2@3] 1@

Note that there is no arrow from p = to A = even if

1 C A since A\/u contains two boxes in the same column.



Centralisers for k = 2, Ug(sk) (Spin 1)

?
n=1 1M
/ | >
n=2 L 1EE| sl(2)

W
n=3 1O > {0 sHHH 1 HH 1@11:' 2 1

[ 1] |

The kernel is generated at level 3 by | | ) éh




Kernel algebraically

o Given k and Ug(slp), the kernel is generated by the following element :

Theorem (Kernel)

Start with the g-antisymmetriser on D + 1 strands, and add k — 1
vertical strands at each dot.

o Example Ugy(sh)) :

| 1F b Koo oK

1EK ] N-BR PR



Conclusions

We defined algebras Hi n(q) on “fused braids” and :
> |t contains a realisation of the braid group.
» There is an explicit Baxterisation formula.

» Schur-Weyl duality for W = Sk(V).

These algebras live above the centralisers of U,(slp) :

. C Hk,n(q) C Hk,n+1(q) C...

1 1

... C Enqu(le)(W®”) C Enduq(s/D)(W®"+l) C...

+ Description of the kernels.
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